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We show that a family of cyclic Hadamard designs defined from regular ovals is
a sub-family of a class of difference set designs due to B. Gordon, W. H. Mills and
L. R. Welch [Can. J. Math. 14 (1962), 614625]. Using a result of R. A. Scholtz
and L. R. Welch [IEEE Trans. Inform. Theory 30, No. 3 (1984), 548553] on the
linear span of GMW sequences, we give a short proof of a conjecture of Assmus
and Key on the 2-rank of this family of designs.  1997 Academic Press
1. INTRODUCTION
We assume that the reader is familiar with the theory of designs and
codes as can be found in [AK1].
A symmetric (v, k, *) design is called a Hadamard design if v=4n&1,
k=2n&1, *=n&1 or v=4n&1, k=2n, and *=n. We first give the
definitions of two families of cyclic Hadamard designs. Unless otherwise
stated, we will maintain the following notation throughout this paper:
q=2m, Fq is the finite field of q elements, Fq* is the multiplicative group of
Fq , F nq denotes the n-dimensional vector space over Fq formed by all
n-tuples with entries in Fq .
We define a family D(q) of Hadamard designs as follows. The points of
D(q) are the nonzero elements of Fq . The blocks are associated with the linear
functionals L : Fq  F2 so that # # BL if and only if L(#)=1. Note that D(q)
is the symmetric design developed from C(q)=[x # Fq* | Trq2(x)=1], where
Trq2 is the trace from Fq to F2 .
Another family of Hadamard designs of order q24=22m&2 which we
will call M(q2) may be defined by the following geometric construction. Let
6 be a Desarguesian projective plane of order q, that is, the symmetric
(q2+q+1, q+1, 1) design of one- and two-dimensional subspaces of F 3q .
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Let O consist of the points [(1, t, t2) | t # Fq] _ [(0, 1, 0), (0, 0, 1)]. O is a
regular oval in 6, that is, a set of q+2 points, no three of which are
collinear. Lines of 6 that meet O in zero or two points are called exterior
or secant respectively. Points not on O are called exterior points. The points
of M(q2) are the exterior points. For each exterior point P, we define a
block BP by BP=[Q{P | the line through P and Q is an exterior line]. It
is easily seen that M(q2) is a symmetric (q2&1, q22, q24) design. It has
the same parameters as D(q2). As all conics in 6 are projectively equiv-
alent, M(q2) is determined up to isomorphism by the parameter q2. It is
known that PSL2(q) acts as an automorphism group of M(q2), and M(q2)
admits a cyclic regular automorphism group (see [J]).
The family M(q2) has been studied extensively by geometers; see espe-
cially the recent work of Maschietti [M1], [M2], [M3], and [M4]. Here
we are interested in the code C2(M(q2)) of M(q2). It is conjectured by
Assmus and Key ([AK1], page 292), [AK2] that the 2-rank of M(q2) is
m2m&1. The purpose of this note is to give a short proof of this conjecture.
2. MAIN RESULTS
In this section, we first show that M(q2) is a sub-family of GMW designs
(which will be defined later). We will show that the conjecture of Assmus
and Key follows from the result on the linear span of GMW sequences.
The following construction of cyclic Hadamard designs is given by
Jackson in [J].
Construction 1 (Jackson [J]). Let M be a matrix with entries in Fq
whose rows and columns are indexed by the elements of F 2q"(0, 0), with the
entry Mxy=xyT, where x, y # F 2q"(0, 0), and y
T is the transpose of y. The
rows of M correspond to the nonzero linear functionals from F 2q to Fq .
If f : Fq  [0, 1] is a map, we define f (M) to be the matrix with
( f (M))xy= f (xyT). Let D be a (q&1, q2, q4) cyclic difference set in Fq*.
Define f : Fq  [0, 1] by f (x)=1 if and only if x # D. Then f (M) is the
incidence matrix of a (q2&1, q22, q24) symmetric design. Moreover, if D1
and D2 are two (q&1, q2, q4) difference sets in Fq*, then the two designs
constructed from D1 and D2 are isomorphic if and only if D1 is a translate
of D2 .
We remark that every design obtained through the above construction is
actually a cyclic difference set. It is shown in [J] that D(q2) arises from
Construction 1 with D=C(q), and M(q2) arises from Construction 1 with
D=1C(q)=[1x | x # C(q)].
Next we describe a construction of cyclic difference sets by Gordon,
Mills, and Welch. In the remainder of this paper, we select and fix a
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primitive element : of Fq2 . Also we fix ;=:q+1 as a primitive element of
Fq . We define a polynomial 0(x) as follows. Let Trq
2
q : Fq2  Fq be the trace
from Fq2 to Fq . Then
0(x)= :
q2&2
i=0
cixi, (2.1)
where
ci={1,0,
if Trq2q (:
i)=1,
else.
The following is then a special case of the construction of Gordon, Mills,
and Welch.
Construction 2 (Gordon, Mills, Welch [GMW]). Let D be a (q&1,
q2, q4) cyclic difference set in Fq*=(;) and let %( y) be its Hall
polynomial, where y=xq+1. Then 0(x) %( y) (mod xq2&1&1) is the Hall
polynomial of a (q2&1, q22, q24) cyclic difference set in F*q2=(:).
Moreover, if D1 and D2 are two (q&1, q2, q4) difference sets in Fq*, then
the two difference sets constructed from D1 and D2 are equivalent if and
only if D1 is a translate of D2 . (In this construction, by Hall polynomial
of D, we mean that if D=[;d1, ;d2, ..., ;dq2]/Fq*=(;) , then %( y)=
yd1+yd2+ } } } + ydq2. Similarly, if E=[:e1, :e2, ..., :eq22]/F*q2=(:) is a
(q2&1, q22, q24) difference set in F*q2, then its Hall polynomial is defined
to be xe1+xe2+ } } } +xeq22. We note that the definition of Hall polynomial
here depends on the choice of primitive elements of the finite fields
involved. Since we fixed the primitive element : of Fq2 , there is no
ambiguity in the statement of this construction.)
In particular, we remark that 0(x) %( ys) (mod xq2&1&1) is the Hall
polynomial of a cyclic difference set whenever g.c.d (s, q&1)=1. The dif-
ference sets arising from Construction 2 are called GMW difference sets,
and the corresponding designs are called GMW designs.
We will now prove that Constructions 1 and 2 are essentially the same.
The present proof is adopted from the one appearing in [N]. However, we
have learned that this was independently proven in [JW]. It will suffice to
determine the Hall polynomial of a difference set arising from Construc-
tion 1 and show that it has the form described in Construction 2.
Let M be as defined in Construction 1. Now let the columns of M be
ordered as 1, :, :2, ..., :q2&2, where : is the fixed primitive element of Fq2 .
The rows of M may then be ordered so that M is circulant. Let r be the
row of M associated with Trq2q . Let x be the vector of the first q+1 entries
in r. Then r=(x, ;x, ;2x, ..., ;q&2x). Let f : Fq  [0, 1] with f (0)=0. To
find the Hall polynomial of any difference set whose incidence matrix is of
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the form f (M) (i.e. those arising from Construction 1), we must simply find
the polynomial associated with f (r). To this end, we define:
,( y)= :
q&2
i=0
aiyi, (2.2)
where
ai={1,0,
if f (;i)=1,
else.
Also
8(x)= :
q2&2
i=0
bixi, (2.3)
where
bi={1,0,
if f (Trq2q (:
i))=1,
else.
We then have the following:
Theorem 1. With notation as defined above, 8(x) # 0(x) ,( y)
(mod xq2&1&1), where y=xq+1.
Proof. It suffices to prove the result in the case where ,( y) is a
monomial. Assume that ,( y)= yk, 0kq&2, i.e. f (;i)=1, 0iq&2
if and only if i=k, then
0(x) ,( y)= :
q2&2
i=0
ciykxi= :
q2&2
i=0
ci xk(q+1)+i.
But if Trq2q (:
i)=1, then Trq2q (:
k(q+1)+i)=Trq2q (;
k:i)=;k. Thus
0(x) ,( y)= :
q2&2
i=0
dixi, (mod xq
2&1&1),
where
di={1,0,
if Trq2q (:
i)=;k,
else.
The result now follows. This completes the proof. K
Thus we have shown that the two constructions in this section are essen-
tially the same. It follows that M(q2) is a sub-family of GMW designs since
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M(q2) arises from Construction 1 with D=1C(q). M(q2) is a cyclic design,
every block of M(q2) is a cyclic difference set in F*q2=(:). Maintaining
previous notation, we have
Corollary 1. The Hall polynomial of the block of M(q2) corresponding
to Trq2q is 0(x) %0( y
&1) (mod xq2&1&1), where %0( y) is the Hall polynomial
of C(q).
For brevity, we will call the difference set in Corollary 1 DM(q2) . It is now
easily seen that the characteristic function of the difference set DM(q2) in
F*q2=(:) is Trq2[(Tr
q2
q (:
i))q&2], 0iq2&2. In general, the charac-
teristic function of the difference set in F*q2=(:) with Hall polynomial
0(x) %0( ys) (mod xq
2&1&1) is Trq2[(Tr
q2
q (:
i))r], 0iq2&2, where rs#1
(mod q&1). The sequences [Trq2[(Tr
q2
q (:
i))r]], 0iq2&2, where g.c.d
(r, q&1)=1, are called GMW sequences which were studied in [SW],
[AB].
We now consider the 2-rank of the design M(q2), i.e. the F2-dimension
of the vector space spanned by the rows (the blocks) of the incidence
matrix of M(q2). Since M(q2) is a cyclic design, the 2-rank of M(q2) is just
the F2-dimension of the ideal generated by the Hall polynomial of M(q2)
in F2[x](xq
2&1&1). It turns out that this was studied by several engineers
[SW], [AB] in terms of linear span (or linear complexity) of GMW
sequences.
The linear span of a periodic sequence [ai] of elements from Fq with
period v (here q is a power of any prime) is the minimal degree of a linear
feedback shift register (LFSR) for generating [ai]. It can be shown
([AK1], page 69) that the linear span of a periodic sequence [ai] of
elements from Fq with period v is just the Fq-dimension of the ideal
generated by v&1i=0 aix
i in Fq[x](xv&1). Therefore, by our discussion
following Corollary 1, we see that the 2-rank of M(q2) is just the linear
span of the periodic sequence [bi], where b(i mod q2&1)=Trq2[(Tr
q2
q (:
i))q&2],
0iq2&2.
We now quote the following theorem on the linear span of GMW
sequences from [SW]. For more general formulas of the linear span of
p-ary GMW sequences, we refer the reader to [AB].
In the following theorem, F2M is the finite field of 2M elements, M=JK,
Tr2M2J , Tr
2J
2 are the trace from F2M to F2J and the trace from F2J to F2
respectively.
Theorem A. Let [ai] be a GMW sequence whose elements are given by
ai=Tr2
J
2 [(Tr
2M
2J (:
i))r] # F2 ,
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where : is a primitive element of F2M and r, 0<r<2J&1, is relatively prime
to 2J&1. Then the linear span L of [ai] is given by
L=J(MJ)w,
where w is the number of ones in the base-2 representation of r.
We remark that the main idea in the proof of Theorem A is the use of
Fourier transform. As a corollary of Theorem A, we have
Corollary 2. The 2-rank of M(q2) is m2m&1.
Proof. In Theorem A, let M=2m, J=m, r=q&2=2+22+ } } } +
2m&1. Then w=m&1. The 2-rank of M(q2) equals to the linear span of
[bi], which by Theorem A, is m2m&1. This completes the proof. K
We remark that the sequence associated with M(q2) has the maximal
linear span among the GMW sequences [Trq2[(Tr
q2
q (:
i))r]], where g.c.d
(r, q&1)=1. We also mention that many other properties of the code
C2(M(q2)) were studied in [N].
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